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1. Definitions, notations, statements 

Let K be a field. Let us fix its algebraic closure K a and denote by Gal(-fT) 
the absolute Galois group Aut(K a / K) of K. If X is an abelian variety over 
K a then we write End(X) for the ring of all its X a -endomorphisms. If Y 
is (may be another) abelian variety over K a then we write Hom(X, Y) for 
the group of all iT a -homomorphisms from X to Y. It is well-known that 
Hom(X, Y) = if and only if Hom(Y, X) = 0. One may easily check that if 
End(X) = Z and dim(X) > dim(Y) then Hom(X, Y) = if and only if X 
and Y are not isogenous over K a . 

Let f(x) £ K[x] be a polynomial of degree n > 3 without multiple roots. 
We write SH/ C K a for the set of its roots, K (9t/) C -fT a for the splitting 
field of / and Gal(/) = Aut(K(m f )/K) = Gal(# (%)/#) for the Galois 
group of /. It is well-known that 9fy consists of n = deg(/) elements. The 
group Gal(/) permutes elements of !SH/ and therefore can be identified with a 
certain subgroup of the group Perm^y) of all permutations of SH/. Clearly, 
every ordering of SH/ provides an isomorphism between Perm(lH/) and the 
full symmetric group S n which makes Gal(/) a certain subgroup of S n . (It 
is well-known that this permutation subgroup is transitive if and only if / 
is irreducible over K.) 

Let us assume that char(X) ^ 2 and consider the hyperelliptic curve 

Cf : y 2 = f{x), 

defined over K. Its genus g = g(Cf) equals (n — 1)/2 if n is odd and (n— 2)/2 
if n is even. Let J{Cf) be the jacobian of Cj; it is a g-dimensional abelian 
variety over i^" a that is defined over K. 

In his previous papers HOI US] the author proved the following asser- 
tion. 

Theorem 1.1. Let K be a field of characteristic different from 2. Let n > 5 
be a positive integer. Letf{x) 6 6e an irreducible polynomial of degree 
n > 5. Assume also that if chai(K) > i/ien n > 9 and /(x) /ias no multiple 
roots. Suppose that the Galois group of f(x) coincides either with the full 
symmetric group S n or with the alternating group A n . 
Then End(J(C/)) = Z. 

The main result of the present paper is the following statement. 
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Theorem 1.2 (Main Theorem). Let K be a field of characteristic different 
from 2 and K a its algebraic closure. Let f(x),h(x) € K[x] be irreducible 
polynomials of degree n > 3 and m > 3 respectively. Suppose that the 
splitting fields of f and h are linearly disjoint over K. Assume also that if 
char(if) > then n = deg(/) > 9 and f(x) and h(x) have no multiple roots. 
Suppose that the following conditions hold: 

(i) Gal(/t) = A m or SS m . 

(ii) Either Gal(/) = S n or Gal(/) = A n and n > 5. 
Then 

Rom(J(C f ), J{C h )) = 0, Rom(J(C h ), J(C f )) = 0. 

We prove Theorem 11.21 in ^21 

Example 1.3. Let n > 3 be a positive integer. It is well-known |16l p. 139] 
that the Galois group of the polynomial x n — x — t over the field of rational 
functions Q(t) coincides with the full symmetric group S n . It follows from 
Hilbert's irreducibility theorem that there exists an infinite set of rational 
numbers S C Q such that for each r 6 S the Galois group Gal(-u r ) of the 
polynomial 

u r (x) = x n — x — r £ Q[x] 

coincides with S ra and for distinct r,k E S the splitting fields of u r and Uk are 
linearly disjoint over Q. Let us consider the jacobians J{C Ur ) and J(C Uk ) of 
the hyperelliptic curves C Ur : y 2 = u r (x) and C Uk : y 2 = Uk{x) defined over 
Q. Notice that if n < 5 then J(C Ur ) and J(C Uk ) are elliptic curves. Applying 
Theorems 11.21 and 1 1 . 1 1 to u r and n^, we obtain that the jacobians J{C Ur ) are 
J(C Uk ) absolutely simple and mutually non-isogenous over Q (and therefore 
over C) for all n > 3 . In particular, for each positive integer g the set of 
isogeny classes of absolutely simple ^-dimensional abelian varieties over Q 
is infinite. (This assertion is well-known in the case of elliptic curves.) It 
also follows from Theorem 11.11 that for each positive integer g > 1 the set of 
isogeny classes of absolutely simple ^-dimensional abelian varieties over Q 
without nontrivial endomorphisms over C is infinite. (The similar assertion 
for elliptic curves is also well-known: it suffices to take for each prime p an 
elliptic curve with j-invariant 1/p.) 

Corollary 1.4. Let K be a field of characteristic different from 2 and K a 
its algebraic closure. Let f(x),h(x) € K[x] be irreducible polynomials of 
degree n > 5 and m > 3 respectively. Assume also that if char(ET) > then 
n = deg(/) > 9 and both polynomials f(x) and h(x) have no multiple roots. 
Suppose that the following conditions hold: 

(i) Gal(/i) = A m or SS m . 

(ii) Gal(/) = S n or Gal(/) = A n . 

(iii) Either n ^ m or Gal(/) = S ra and Gal(/i) = A m . 

Then 

Hom(J(C / ), J(C h )) = 0, Bom(J(C h ), J(C f )) = 0. 
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Corollary 1.5. Let K be a field of characteristic different from 2 and K a 
its algebraic closure. Let n > 5 be a positive integer different from 6. Let 
f(x),h(x) E K[x] be irreducible polynomials of degree n. Assume also that 
if char(i<Q > then n > 9 and both polynomials f(x) and h(x) have no 
multiple roots. Suppose that the following conditions hold: 

(i) Gal(/i) = A n or S n . 

(ii) Gal(/) = S n or Gal(/) = A n . 

(iii) Let us put Kf := K[x]/fK[x],Kh '■= K[x]/hK[x]. Then the field 
extensions Kf/K and Kh/K are not isomorphic. 

Then 

Rom{J(C f ), J(C h )) = 0, Rom(J(C h ), J(C f )) = 0. 
We will prove Corollaries 11,41 and 11.51 in £J3J 

2. Proof of Main Theorem 

Let d be a positive integer that is not divisible by char(if). Let X be an 
abelian variety of positive dimension denned over K. We write X d for the 
kernel of multiplication by d in X(K a ). It is known ^3] that the commu- 
tative group Xd is a free Z/dZ-module of rank 2dim(X). Clearly, Xj is a 
Galois submodule in X(K a ). We write 

p^ x : Gal(iT) -> Aut z/dZ (X d ) ^ GL(2dim(X), Z/dZ) 

for the corresponding (continuous) homomorphism defining the Galois action 
on Xd- Let us put 

G d , x = Pd,x(Gal(K)) c Aut z/dZ (X d ). 

Clearly, GdX coincides with the Galois group of the field extension K{X ( ])/K 
where K(X d ) is the field of definition of all points of order dividing d 
on X. In particular, if £ ^ char^) is a prime then Xi is a 2dim(X)- 
dimensional vector space over the prime field = Z/^Z and the inclusion 
Gi^x C AutF e {Xi) defines a faithful linear representation of the group Gi^x 
in the vector space Xg. We will deduce Theorem 11.21 from the following 
auxiliary statement which is of some independent interest. 

Theorem 2.1. Let i be a prime, K afield of characteristic different from I , 
X andY are abelian varieties of positive dimension defined over K . Suppose 
that the following conditions hold: 

(i) The extensions K(Xg) and K(Ye) are linearly disjoint over K. 

(ii) The natural representation of the group G^x i- n Xi * s absolutely 
irreducible. 

(iii) The natural representation of the group Gj>y i n is irreducible. 
Then either 

Hom(X, Y) = 0, Hom(Y, X) = 
or char (K) > and both abelian varieties X and Y are super singular. 
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We will prove Theorem 12.11 in 

In fact, we are going to prove not Theorem 12.11 but its certain generaliza- 
tion. In order to state this generalization, we need to introduce definitions 
of nice and very nice polynomials. But first, let us recall some standard 
notations 3, §2.8]. Hereafter, F q denotes the q-element finite field of char- 
acteristic p, GL(d, q) := GL(d, F q ) denotes the group of invertible linear 
transformations of the d-dimensional vector space F^, SL(d, q) := SL(d, F q ) 
its subgroup of all matrices with determinant 1 and PGL(d, q) = PGL(d, F q ) 
and Ld(q) = PSL(d, q) = PSL(d, F q ) are the corresponding quotients with 
respect the subgroups of scalar matrices, viewed as transformation groups 
of the projective space P d ^ 1 (F q ). In addition, AGL(d, q) := AGL(d, F q ) is 
the group of all affine transformations of F^, which is a semi-direct product 
of GL(d, q) and the group F^ of all translations. We write Fr : F^ — > F^ for 
the Frobenius automorphism 

(ai, • • • ,a d ) i-> (of, • • • ,a%). 

We write rL(d, q), EL(d, q) and A£L(d, q) for the transformation groups of 
F q , generated by Fr and GL(d, q), SL(d, q) and AGL(d, q) respectively. We 
write PrL(d, q) and PSL(d, q) for the transformation groups of P d_1 (F 9 ) 
induced by Th(d,q) and £L(d, q) respectively. (In other words, PrL(d, q) 
and P£L(d, q) are the quotients of TL(d,q) and £L(d, q) respectively with 
respect to the corresponding subgroups of scalar matrices.) 

Let f(x) £ K[x] be a separable irreducible polynomial of degree n > 3. 
We say that / is very nice if one of the following conditions holds: 

(s) Gal(/) = S n . 

(a) Gal(/) = A n and n > 5. 

(m) n = 11 or 12 and Gal(/) is the corresponding small Mathieu group 

M n acting 4(or 5-)transitivelyon 9\f. 
(Ill) n = 11 and Gal(/) = L 2 (ll) = PSL 2 (F U ) acts doubly transitively 
on Dif. 

(ml2) n = 12 and Gal(/) = Mn acts 3-transitively on SH/. 
(aff ) There exist an odd prime p, its positive integral power q and a pos- 
itive integer d such that n = p d > 3 and one may identify 91/ with 
F q in such a way that Gal(/) becomes 2 or 3-transitive subgroup of 
AGL(d, q) that contains the subgroup F^ of all translations, 
(p) There exist an odd prime p, its positive integral power q and a pos- 
itive integer d > 3 such that n = q q ~^ and one may identify 9fy 

with P d_1 (Fg) in such a way that Gal(/) becomes a subgroup of 
PrL(d, q) that contains PSL(d, q). 
(pi) There exist an odd prime p and its positive integral power q such 
that n = q + 1 and one may identify 9\f with the projective line 
P 1 (F q ) in such a way that Gal(/) becomes a 3-transitive subgroup 
ofPrL(2,a). 
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(p2) There exists a positive integer d > 2 such that q := 2 d , n = q + 1 
and one may identify 9^/- with the projective line P 1 (F g ) in such 
a way that Gal(/) becomes a subgroup of PTh(d,q) that contains 
PSL(2,g). 

(u3) There exists a positive integer d>2 such that q := 2 d ,n = q 3 + 1, 
and one may identify 91/ with the set of isotropic lines (Hermitian 
curve) in F 3 2 with respect to a certain non-degenerate Hermitian 
form in such a way that Gal(/) becomes a group that contains the 
corresponding projective special unitary group ^^(q) := PSU(3, q) = 
PSU(3, F g 2) and 113(5) acts doubly transitively on 9^/-. 

(sz) There exists a positive integer d such that q := 2 2d+1 ,n = q 2 + 1 and 
Gal(/) contains a subgroup isomorphic to the Suzuki group Sz(q) 
and Sz(g) acts doubly transitively on 9\f. 

A polynomial / is called nice if either it is very nice or one of the following 
conditions holds: 

(a3) n = 3 and Gal(/) = A 3 . 
(a4) n = 4 and Gal(/) = A 4 . 

(p3) There exist an odd prime p and its positive integral power q such that 
n = q + 1, and one may identify 91/ with the projective line P 1 (F (J ) 
in such a way that Gal(/) becomes a doubly transitive subgroup 
of PrL(2,q). In addition, q must be congruent either to 3 or to 5 
modulo 8. 

Remark 2.2. The doubly transitive action of the Suzuki groups Sz(g) (the 
case (sz)) is described explicitly on pp. 184-187 of 0; see [2^ concerning the 
relations to hyperelliptic jacobians. Concerning the doubly transitive action 
of U3 on the Hermitian curve (the case (u3)) see [U Kap. II, Satz 4.12], [HI 
pp. 248-250]; the relations with hyperelliptic jacobians are discussed in |24j . 

In order to explain what nice polynomials are good for, let us recall the 
definition of the heart of the permutational action of Gal(/) on 9^/ (|12j. 

eh). 

Let 9\, = 9\f = {ai, . . . , a n } C K a be the set of all roots of /. We may view 
S n as the group of all permutations of 9t. The Galois group G = Gal(/) of / 
permutes the roots and therefore becomes a subgroup of S n . The action of G 
on 91 defines the standard permutational representation in the n-dimensional 
F2-vector space F^ of all functions tp : R — > F2. This representation is not 
irreducible. Indeed, the "line" of constant functions F2-1 and the hyperplane 
(F^) := {ip I X^iLi ^( a «) = 0} are G-invariant subspaces in F^. If n is odd 
then one calls (F^) the heart of the permutational action of G = Gal(/) 
on 9^ = 9\f over F2 and denotes it by Q<y\ = Q%- If n is even then (F^) 
contains F2 ■ 1 and we obtain the natural representation of G = Gal(/) in 
the (n — 2)-dimensional F2-vector quotient-space 

(Ff) 00 := (F?)7(F a • 1). 
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In this case (F2 ) 00 is also called the heart of the permutational action of 
G = Gal(/) on *R = £K/ over F2 and denoted by = Q<n f . 

It is known [7j that if n is odd and the Gal(/)-module Qy\ f is absolutely 
simple then Gal(/) acts on 9\f doubly transitively. 

Remark 2.3. If a polynomial f(x) is nice then: 

(i) Either (n, Gal(/)) = (3, A3) or Gal(/) acts doubly transitively on 

(ii) The Gal(/)-module Q<R f is simple. In addition, Q<^ is absolutely 
simple if and only if f(x) is very nice. In the case of doubly transitive 
Gal(/) this assertion follows immediately from results of |12|l9l. The 
remaining case n = 3, Gal(/) = A3 is easy. (See also |2"T| l2"3].) 

Remark 2.4. Let us assume that a permutation group Gal(/) C Perm(9fy) 
is isomorphic to one of the known doubly transitive permutation groups 
§7.7]. Then f(x) is nice if and only if the Gal(/)-module Qy\ f is simple. 
This assertion follows easily from results of |12| |2j . 

Now we are ready to state the promised generalization of Main Theorem. 

Theorem 2.5. Let K be afield of characteristic different from 2 and K a its 
algebraic closure. Let f(x),h(x) € K[x] be irreducible polynomials without 
multiple roots of degree n > 3 and m > 3 respectively. Suppose that the 
splitting fields of f and h are linearly disjoint over K. Suppose that f(x) is 
very nice and h{x) is nice. 
Then either 

Hom(J(C/), J{C h )) = 0, Ham(J(C ft ), J(C/)) = 

or char(A') > and both jacobians J(Cf) and J(C/ l ) are supersingular 
abelian varieties. 

Proof of Theorem \2. 51 The canonical surjection Gal(-fT) Gal(/) defines 
on the Gal(/)-module Q^ f the natural structure of Gal(i^)-module. It 
is well-known that the Gal(iT)-modules Q${ f and J(C/)2 are canonically 
isomorphic (see, for instance, [H] or |25)- This implies, in particular, in 
light of Remark l2.31 that the G2,j(C/)" m °d me is absolutely simple. Similarly, 
the canonical surjection Gal(iT) -» Gal(h) provides the Gal(/i)-module Qyt h 
with natural structure of the Gal(-ftT)-module and the Gal(-ftT)-modules Qg\ h 
and J{Ch)2 are canonically isomorphic. Now it follows from Remark 12.31 
that the G2 j{n h ) -module is simple. We have 

K{J{C f ) 2 ) C K(?K f ), K{J{C h ) 2 ) C K(JR h ). 

Since the field extensions K(fRf)/K and K($if l )/K are linearly disjoint, 
their subextensions K{J{C f) 2 ) / K and K{J{Ch)2)/K are also linearly dis- 
joint. One has only to apply Theorem 12.11 to £ = 2,X = J(Cf),Y = 
J(C h ). □ 
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Remark 2.6. In fact, if n 7^ 4 (respectfully then the Gal(/)-module 

Q(R f is faithful and K(J(Cf) 2 ) = K(*JKf) (respectfully the Gal(/i)-module 
is faithful and K{J{C h ) 2 ) = K(VK h )). 

Proof of Theorem \1. 6 A It follows from Theorem 12.51 that if there exists a 
non-zero homomorphism between J{Ct) and J(Ch) then char (If) > and 
both jacobians are supersingular. However if char(A) > then n > 9 
and, thanks to Theorem 11.11 End( J[CA = Z and therefore J(C/) is not 
supersingular. □ 

3. HOMOMORPHISMS OF ABELIAN VARIETIES 

In order to prove Theorem 12.11 we need the following elementary state- 
ment that is well known when the ground field is algebraically closed and 
has characteristic zero ( IS, §3.2]; see also theorem 10.38 of [2]). 

Lemma 3.1. Let F be a field. Let H\ and H 2 be groups. Let t\ : H\ — > 
Auti?(Wi) be an irreducible finite- dimensional representation of Hi over F 
and r 2 : H 2 — ► AutF(W 2 ) ^ e m absolutely irreducible finite- dimensional 
representation of H 2 over F . Then the natural linear representation 

t* ® r 2 : Hi x F 2 -> AutF(Homp(T¥i, W 2 )) 
0/ i/ie group Hi x #2 * n F-vector space Honip^Wi, W2) is irreducible. 

Remark 3.2. Clearly, the representations of H\ x H 2 in Homjr(Wi, W 2 ) and 
Homp'(H / 2, Wi) are mutually dual. Therefore the irreducibility of Honip^Wi, W 2 ) 
implies the irreducibility of Hom^(H / 2, Wi). 

We will prove Lemma 13. II at the end of this Section. 

Proof of Theorem \2. il First, notice that the natural representation 

Gal(JC) -> Autp^ (Homp f (Y^, Xg)) 

is irreducible. Indeed, let us denote this representation by r and let us put 

F = F t , Hi = Gt, Y , Wi = Y t , H 2 = Gtx, W 2 = X t . 

Denote by 

n:Hi = G ty C Aut F£ (y £ ) = Autp^Wi) 

and 

t 2 :H 2 = G ljX C Aut F ,(A £ ) = Aut F ,(W 2 ) 

the corresponding inclusion maps. 

It follows from Lemma 13. II that the linear representation 

rt®r 2 : Ga\(K(Y e )/K) x Gal(K(X e )/K) -» Autp £ (Homp £ (Y £ , X e )) 

is irreducible. 
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One may easily check that the homomorphism r, which defines the struc- 
ture of Gal(i^)-module on Hom^C^, Xi), coincides with the composition of 
the natural surjection Ga\(K) -» Gal(K(Xi, Yi)/K), the natural embedding 

Gsl(K(Xt,Y t )/K) ^ Gal(K(Y e )/K) x Gal(K(X e )/K) 

and 

tI®t 2 : Gd{K(y t )/K) x G&\{K{X t )/K) Aut F , (Hom F , (Y e , X e )). 

Here K(Xi, Yg.) is the compositum of the fields K{Xi) and K(Yi). The linear 
disjointness of K(Xg) and K(Yg) means that 

Gal(K(X e ,Y e )/K) = Gal(K(Y e )/K) x Gsl(K(Xi)/K). 

This implies that r is the composition of surjective Gal(-fT ) —» Gal(K (Yg) / K) x 
Gal(K(Xi)/ K) and t\ ® r-i- Since the representation 

t{®t 2 : Ga\(K(Y e )/K) x Gd{K{X t )/K) Aut F , (Homp,^, X t )) 

is irreducible, the representation 

r : Gal(K) -» Aut F , (Hom F , X/)) 

is also irreducible. 

Second, let Tg(X) and be the Tate Z^-modules of abelian varieties X 

and Y respectively |14j . Recall that Tj>(X) and T^(y) are free Z^-modules of 
rank 2dim(X) and 2dim(Y) respectively. There are also natural continuous 
homomorphisms 

PttX ■ Gal(if) -> Aut z ,(T,(X)), W)Y : Gal(tf) -» Aut z ,(^(F)). 

There are also natural homomorphisms 

Xe = T t {X)/£T e (X),Y t = T e (Y)/£T e (Y), 

which are isomorphisms of Galois modules. So one may view pi ; x as the 
reduction of pe : x modulo £ and piy as the reduction of pgy modulo I. It is 
also convenient to consider the Tate Q^-modules V^{X) = Tg(X) ®z e Qi and 
Ve(Y) = Tf(Y) ®z e Qe, which are Q^-vector spaces of dimension 2dim(A) 
and 2dim(y) respectively. The groups T^{X) and Ti(Y) are naturally iden- 
tified with the Z^-lattices in V^{X) and V^{Y) respectively and the inclusions 

Aut Z£ (T,(A)) c Aut Qe (V e (X)), Aut z< (2i(y)) C kut Ql {V t (Y)) 

allow us to consider Ve(X) and Ve(Y) as representations of Gal(K) over Q^. 

Third, I claim that the natural representation of Ga\(K) in HoniQ ( (V^(X), Ve(Y)) 
over is irreducible. Indeed, the Z^-module Homz^ (Tt(X), Tg(Y)) is a 
Gal(i^)-invariant Z^-lattice in HomQ e (Ve(Y) , Vi(X)). On the other hand, 
the reduction of this lattice modulo £ coincides with 

Eom Zt (T e (Y),T t (X))®Z/£Z = Rom Ft (T e (Y)/£T e (Y),T e (X)/£T e (X)) = Rom Fe (Y e , X t ). 

But we just established the simplicity of the Gal(i"C)-module Homp < ,(Y£, Xi). 
It follows easily that the Gal(i^)-module Hohiq, (Ve(X), Ve(Y)) is simple 
(see, for instance, exercise 2 in §15.2 of Serre's book [T%]). 
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Fourth, notice that there is a natural embedding ([Hj, §19) 

Rom(Y,X) ®Q e C Hom Q ,(V^(X),^(y)), 

whose image is a Gal(iT)-invariant subspace. The irreducibility of H.om.Q e (Ve(X), Ve(Y)) 
implies that either 

Rom(Y,X)®Q e = Rom Qe (Vt{X),V e {Y)) 

or Hom(Y, X) <g> = 0. Since Hom(Y, X) is a free commutative group 
of finite rank, either Hom(Y, X) = or the rank of Hom(Y, X) equals 
4 • dim(X) • dim(y). In order to finish the proof, we need the following 
proposition. 

Proposition 3.3. Let A and B are abelian varieties of positive dimension 
over an algebraically closed field K. Suppose that the rank of the group 
Hom(j4, B) equals 4 • dim(j4) • dim(S). Then char(/C) > and both A and 
B are super singular. 

Proof of Provosition VJ.'JX The case A = B was treated in lemma 3.1 of 20 . 

Replacing A and B by isogenous abelian varieties, we may assume that 
they split into products 

A = HA h B = \{B j 

i j 

of simple abelian varieties Ai and Bj respectively. Since 

dim(A) = ^dim(A i ),dim(.B) = ^ dim(-Bj), Rom(A, B) = ]J Hom^, Bj), 

i j i,j 

and the rank of the free commutative group Hom(Aj, Bj) does not exceed 
4 • dim(^4j) • dim(Bj) ([Oj, §19, corollary 1 to theorem 3), the rank of 
Hom(Aj, Bj) equals 4 • dim(vlj) • dim(Bj) for all i and j. Since Ai and Bj 
are simple, they are isogenous. This implies that dim(A;) = dim(Bj) and 
the rank of each of the free commutative group (with respect to addition) 
End(Ai) and End(-Bj) equals 

4 • dim(Ai) • dim(Bj) = 4 • dim(^) 2 = 4 • dim(Bj) 2 . 

Applying lemma 3.1 of j2Hj to each Ai and Bj, we conclude that char(/C) > 
and all Ai and Bj are super singular. It follows easily that A and B are also 
supersingular. □ 

End of Proof of Theorem 12.11 Applying Proposition 13.31 to A = Y and 
B = X, we conclude that char(i^) > and X and Y are supersingular. □ 

Proof of Lemma Throughout the proof all the tensor products are taken 
over F. First, replacing the .Hi-module W\ by its dual W* = Hornp(Wi, F)i 
we reduce the problem to the assertion about the irreducibility of the tensor 
product 

ti <g> r 2 : ffi x H 2 ^ Aut F (VFi <S> W 2 ). 
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Since the ^-module W 2 is absolutely simple, the corresponding F-algebra 
homomorphism 

F[H 2 ) -> EndF(VK 2 ) 
(induced by r 2 ) is surjective. Here F[H 2 ] is the group algebra of H 2 . 

Let us denote by D the endomorphism ring of the -module W\. 

Since W\ is simple, D is a division algebra, whose center contains F. Clearly, 
the F-dimension of D is finite and W 2 is a free L>-module of finite rank. It 
follows from Jacobson's density theorem that the image of the (induced by 
r 2 ) F- algebra homomorphism 

F[Hi] -> End F (VKi) 

coincide with End£>(Wi). Here F[H\] is the group algebra of H\. There 
is the natural structure of the free D ® F = D-module of finite rank on 
Wi <g> W 2 . Clearly, the End,o(Wi <g> W^-module Wi <g> W 2 is simple. 

It follows that the image of the (induced by ri ®r 2 ) -F-algebra homomor- 
phism 

F[Hi x H 2 ] = F[Hi] ® F[# 2 ] -» End F (Wi ® W 2 ) 
coincides with End£)(VFi) (g> Endi?(VF 2 ). Applying lemma 10.37 on p. 252 of 
we conclude that 

Endi)(Wi) ® End F (W 2 ) = End D0F (V^i ® W 2 ). 

Therefore the image of the group algebra F[H\ x H 2 ] in End_p(Wi ® H / 2 ) 
coincides with 

End D ® F (Wi ® W 2 ) = End D (Wi ® W 2 ). 

Now the simplicity of the End£>(Wi ® H / 2 )-module Wi ® W2 implies the 
simplicity of the F[H\ x iT 2 ]-module W\®W 2 . □ 

4. Proof of Corollaries II .41 and 11.51 

We start with the following useful definition. 

Definition 4.1. Finite groups G\ and G 2 are called disjoint if they do not 
have isomorphic quotients except the trivial one-element group. 

Examples 4.2. Clearly, the following pairs provide examples of disjoint 
groups. 

(i) SS 3 and A 3 ; 

(ii) SS n and A m (m > 5); 

(iii) A n and A m (n ^ m and m > 5); 

(iv) Gi := PSL(d,g) C G 2 := PGL(d,q), where 

(a) d>l,(d,q) + (2,2), (d,q) + (2,3); 

(b) integers d and q — 1 have a common divisor > 1. 

The condition (a) means that G\ is a finite simple non-abelian group 19, 
Ch. 1, §9]. The condition (b) means that G\ 7^ G 2 . Clearly, G\ is 
a normal subgroup of G 2 and the quotient G 2 jG\ is a cyclic group 
of order r where r is the largest common divisor of d and q — 1. In 
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order to prove that Gi and G2 are disjoint, it suffices to check that 
there does not exist a surjective homomorphism <j> : G2 — » G\. Let 
us assume that such a surjection does exist. Then its kernel ker(</>) is 
a proper normal subgroup of G2 = PGL(d, q) and its preimage G' in 
GL(d,q) is a proper normal subgroup of GL(d, q) containing all the 
scalars and also an element that is not a scalar. Since every normal 
subgroup of GL(d, q) either contains SL(d, q) or consists of scalars 
[T9| Ch. 1, §9, Th. 9.9], we conclude that G' contains SL(d,q) and 
therefore ker(</>) contains PSL(d, q) = G\. This implies that the im- 
age G\ of the surjection <j> is isomorphic to a quotient of the cyclic 
group G2/G1 and therefore is also cyclic. Since G\ := PSL(c£, q) is 
non-abelian, we obtain the desired contradiction, which proves the 
disjointness of G\ and G2. 

Let us recall the statement of well-known Goursat's lemma (see for in- 
stance [El p. 75]) 

Lemma 4.3. Let G\ and G2 be finite groups. Let H be a subgroup of the 
product G\ x G2 such that the corresponding projection maps pr x : H — > 
G\ and pr 2 : H — > G2 are surjective. Denote by H\ (respectfully by H2) 
the normal subgroup of G\ (respectfully of G2), such that the kernel of pr 2 
(respectfully of pr ly ) coincides with H\ x {1} (respectfully with {1} x H2). 
Then there exists an isomorphism 7 : G\/H\ = G2/H2 such that H coincides 
with the preimage in G\ x G2 of the graph of '7 in G\/H\ x G2/H2. 

Remark 4.4. (i) If H x = G 1 ,H 2 = G 2 then H = Gi x G 2 . If Hi = 
{1},^ 2 = {1} then G 1 ^G 2 ^G. 

(ii) If G\ and G2 are disjoint finite groups then one may easily check 
that every subgroup of G\ x G 2 that maps surjectively on each of 
the factors coincides with G\ x G2. 

(iii) If G\ = G2 = G is a finite simple group then one may easily check 
that either H 1 = G 1 ,H 2 = G 2 , H = G x X G 2 or H x = {1}, H 2 = {1} 
and Gx = G 2 G. 

Proposition 4.5. Let K be a field of characteristic different from 2 and 
K a its algebraic closure. Let f(x),h(x) G K[x] -are irreducible polynomials 
without multiple roots of degree n > 3 and m > 3 respectively. Suppose that 
the Galois groups Gal(/) of f and Gal(/i) of h are disjoint. Suppose that 
f(x) is very nice and h{x) is nice. 
Then either 

Rom(J(C f ),J(C h )) = 0,Hom(J(C ft ), J{C f )) = 

or char(ir) > and both jacobians J(Cf) and J(C/ l ) are supersingular 
abelian varieties. 

Proof of Proposition ^.^ Let if (9t/) and K(9\h) be the splitting fields of / 
and h respectively and let L be the compositum of Kffif) and K(9\h)- Then 
the Galois group Gsl{L/K) of L/K may be viewed as a certain subgroup 
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of Gal(/) x Gal(/i) that maps surjectively (under the projection maps) on 
each of the factors Gal(/) and Gal(/i). It follows from Remark 14. 4f ii) and 
disjointness of Gal(/) and Ga\(h) that Gal(L/K) coincides with the product 
Gal(/) x Gal(h). This means that the extensions Kffif) and K(9\h) are 
linearly disjoint over K and Proposition 14.51 follows readily from Theorem 

o □ 

Proof of Corollary\T]\ It follows from Theorem O that End( J(C/)) = Z. 
Therefore if Hom(J(C/), J{C h )) ^ 0, then dim(J(C h )) > dim(J(C/)). It 
follows that deg(h) > 5 but if char(isT) > then m = deg(h) > 9. Applying 
again Theorem 11.11 we observe that End( J(C/ l )) = Z. It follows that if 
Hom( J(C/), J{C h )) ^ then dim(J(C h )) = dim( J(C/)). The last equality 
means that either n = m or n is even and m = n — 1 or m is even and 
n = m — 1. 

Further, replacing in the case n ^ m, Gal(/) = S n the field K by the cor- 
responding quadratic or biquadratic extension, we may assume that either 



n / m, Gal(/) = A n , Gal(/i) = A 

or 

n = m, Gal(/) = S n , Gal(/i) = A 



in 



Notice that in both cases the groups G\ := Gal(/) and G2 := Gal(/i) are 
disjoint. One has only to apply Proposition 14.51 □ 

In order to prove Corollary 11.51 we need a certain elementary assertion 
from Galois theory. But first let us introduce the following notations. Let 
L/K he, the splitting field of a separable polynomial f{x) € K[x] of degree 
n. Then the set of roots 9\f of / lies in L and generates it over K. This gives 
rise to the natural embedding G&l(L/K) w Perm^j), which we denote by 
rj. On the other hand, every ordering {a\, ■ ■ ■ a n } of elements of (i.e., 
of roots of /) allows us to identify Perm(9 : lj) and S n and we may view ry 
as homomorphism 

r f : G&L(L/K) ^ Perm(9 [ l / ) = S„. 

Notice that for each positive integer j < n the stabilizer Gad{L/ K) a . of aj 

in G&l(L/K) coincides with the preimage rJ 1 (Sn^) of the subgroup Sn^ of 
all permutations that send j into itself. 

Lemma 4.6. Let us assume that a finite Galois extension L/K, a positive 
integer n and a transitive permutation groupT C S n enjoy the following 
properties: 

(i) IfGdl(L/K) is the Galois group of L/K then there exists an embed- 
ding Ged{L/K) S n , whose image coincides with Y; 

(i) For each automorphism u : V — > T ofT there is a permutation s € S n 
such that u(z) = szs^ 1 Vz G T. 
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Suppose that f(x),h(x) G K[x] are two separable (i.e., without multiple 
roots) irreducible polynomials of degree n such that L is a splitting field of 
each of them. Let as assume additionally that there exist orderings {a±, ■ ■ ■ a n } 
of roots of f and {/3±, ■ ■ ■ /?„} of roots ofh such that the image of both natural 
homomorphisms 

r f : G&l(L/K) ^ Perm(%) = S n , r h : Ga\{L/K) ^ Perm^/J = S„ 
coincides with T. 

Then if a is a root of f , then there exists a root (5 G L of h such that 
K(a) = K(P). 

Proof of Lemma \4.6\ Clearly, G&\(L/K) = T and there is a permutation 
s G S n such that 

r h (a) = srfi^s- 1 Vcr G Gal(L/K). 

If j = s(i) then one may easily check that 

r, 1 (S^>) = r / - 1 (S«), 

and therefore in Gal(L/i^) the stabilizer Gal(L/i^)^. of (3j coincides with 
the stabilizer Gal(L/X) Qj of aj. This means that K{a.i) = K(f3j). □ 

Proof of . In light of Corollary 11.41 we may assume that either 

Gal(/) = S n , Gal(h) = S n 

or 

Gal(/) = A n , Gal(/i) = A n . 

Let us assume that the normal field extensions K(9\f) and K(D\h) do not 
coincide (are not isomorphic). Then their compositum L coincides neither 
with K(D\f) nor with Kffih) and therefore Gal(L/i^) is isomorphic neither 
to Gal(/) nor to Gal(7t). Applying Remark l4~4Tiii) to H = Gal(L/K), d = 
Gal(/) and G2 = Gal(/i), we conclude that if Gal(/) = A n ,Gal(/i) = A n 
then Gsl{L/K) = Gal(/) x Gal(/i), since// = Gal{L/K) is not isomorphic to 
G\ = Gal(/). Therefore K(JRf) and Kffih) are linearly disjoint over K and 
Corollarv ll.5l follows readily from Theorem ll.2l If Gal(/) = S n , Gal(/i) = S n 
then an easy check up of the short list of quotients of S n allows us, applying 
Lemma IOI to H = G&\(L/K),G\ = Gal(/) and G2 = Gal(fo) , to conclude 
that either Gal(L/K) = Gal(/) x Gal(/i) and Corollary 11.51 follows readily 
from Theorem 11.21 or Ga\(L/K) contains A n x A n and coincides with the 
following subgroup of index 2 in Gal(/) x Gal(/i) = S n x S n : 

{(cr,r) G S n x S n I sign(cr) = sign(r)}. 

(Here sign(cr) is the sign of a.) Replacing (in the latter case) K by the 
corresponding quadratic extension, we may assume that 



GsX(L/K) =A„xA„, Gal(/) = A n , Gal(h) = A, 
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and the same arguments as in in the previous case prove Corollary 11.51 
Therefore in order to prove Corollary 11.51 it suffices to check that the ex- 
tensions K(yif) and K(9\h) do not coincide. That is what we are going to 
do right now. 

Let us assume that K(9if) = K(9\h)- Replacing K by corresponding 
quadratic or biquadratic extension, we may assume that 

Gal(/) = A n , Gal(/i) = A n . 

Let us put L = K(m f ) = K(9\ h ). Clearly, Gsd(L/K) ^ A n . Recall that if 
n > 5 and n + 6 then Aut(A n ) = S n Q21 §2.17, pp. 299-300]. Applying 
Lemma 14.61 we conclude that K{a) = K(j3) for some roots a of / and (3 
of h. However, K(a) K[x]/fK[x] = K f and K{j3) ^ K[x]/hK[x] = K h . 
Therefore the field extensions Kf/K and K^/K are isomorphic. Contradic- 
tion. □ 



5. Examples 

We write Q for the (algebraically closed) field of all algebraic numbers in 

C. 

Let us put f n {x) = x n — x — 1 G Q[x] and consider the number field 
E n = QN//nQH- According to Serre ^3 remark 2 on p. 45], for each 
positive integer n the Galois group of f n {x) over Q coincides with S n . It is 
also known (ibid) that for each prime p the polynomial f n (x) := x n — x — 1 £ 
F p [x] either has no multiple roots or p does not divide n(n — 1) and 

f n {x) = (x- —^—) 2 w(x) 
1 — n 

where w{x) E F p [x] is a polynomial without multiple roots and 7^ w{j^— ) £ 

F p . Clearly, if f n has no multiple roots then, by Hensel's lemma, f n ( x ) splits 
into a product of linear factors over an unramified extension of Q p and there- 
fore the field extension E n / Q is unramified over p. But if f n has a multiple 
root then the polynomials w(x) and (x — jz^) 2 are relatively prime in F p (x) 
and, thanks to well-known generalization of Hensel's lemma §3.5, p. 105], 
f n {x) splits over Q p into a product of a quadratic polynomial (that is a lift- 
ing of (x — j^) 2 ) and a certain polynomial u;(x)(that is a lifting of w{x)). 
In addition, w(x) splits into a product of linear factors over an unramified 
extension of Q p . It follows that if E n /Q is ramified over p then it does occur 
exactly at one prime ideal of the ring of integers of E n and the ramification 
index is 2. 

Let us consider the hyperelliptic curve A n : y 2 = f n (x) defined over Q 
and its jacobian J(A n ). If n < 4 then J(A n ) is an elliptic curve. If n > 5 
then End(J(74 n )) = Z 20j. Therefore the abelian variety J{A n ) is always 
absolutely simple. It follows from Corollary 11.41 that if n > 5,m > 3 and 
n ^ m then every homomorphism between the jacobians J(A n ^ and e/(^4. m ) 
defined over Q is zero. It follows readily that every homomorphism between 
J(A n ) and J(A m ) defined over the field of complex numbers C is zero. (Of 
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course, here the only interesting case is when n = 2g+l is odd and m = 2g-\-2 
is even and absolutely simple abelian varieties J(A2 g +i) and J(A2 g +2) have 
the same dimension g). 

According to Schur JH]) the Galois group Gal(exp n ) of the polynomial 

exp n (x) := l + x + — + — + ••• + — - 
2 b n\ 

over Q is S n if n is not divisible by 4; if 4 | n then Gal(exp n ) = A ra . Let 
us consider the hyperelliptic curve B n : y 2 = f n (x) defined over Q and 
its jacobian J(B n ). If n < 4 then J{B n ) is an elliptic curve; if n > 5 
then End(J(i? n )) = Z 20]. Therefore the abelian variety J{B n ) is always 
absolutely simple. It follows from Corollary 11.41 that if n > 5, m > 3 and 
n ^ m then every homomorphism between J(B n ) and J(B m ) and also 
between J(B n ) and J(A m ) defined over Q or (which is the same) over C is 
zero. It also follows from Corollary 11.41 that if n > 5 and 4 | n then every 
homomorphism between J{B n ) and J(A n ) is zero. 

Let us prove, using Corollary ESI that for all n > 6 every homomorphism 
between J(B n ) and J(A n ) is zero. In order to do that, let us consider the 
number field H n = Q [x]/ exp„ Q [x] . Our goal will be reached if we prove 
that the fields E n are H n non-isomorphic. To that end, using Chebyshev's 
theorem (Bertrand's postulate), pick a prime p with 

g + l<p<2g + l 

where either n = 2g + 1 is odd or n = 2g + 2 is even. In particular, 

We write 

ordp : Q* -> Z 

for the discrete valuation of Q attached to p and normalized by the condition 
ordp(p) = 1 jH]. One may easily check that for all positive integers i < p 

° rdp G) = °' 

and for all integers i with p < i < n 

ord p Q 

except the case 

n = 2g + 2 = i,p = g + l,ord p \ = ord 9+ i 

It follows that the rational number ^ is a slope of the p-adic Newton 
polygon of exp n (x). The well-known connection between (reciprocal) roots 
of a polynomial and slopes of its Newton polygon conclude [Hj allows us to 
conclude that there is a prime ideal in the ring of integers of H n that divides 
p and whose ramification index in H n /Q is divisible by p > 3. Since all 




1 



(29 + 2)! 



-2. 
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the ramification indices in E n /Q do not exceed 2 (see the beginning of this 
Section), the fields E n and H n are non- isomorphic. Applying Corollary 11.51 
to / = / n , h = exp n , we conclude that for all n > 6 every homomorphism 
between J(B n ) and J(A n ) defined over Q or (which is the same) over C is 
zero. 

Let us turn now to a completely different class of examples. Let p be an 
odd prime, k p an algebraically closed field of characteristic p, K=K(t) the 
field of rational functions in independent variable t with coefficients in k p 
and K a an algebraic closure of K. Let an integer q > 1 be an integral power 
of p. Let d > 1 be a positive integer. Let us put 

and consider the polynomials 

f(x) = x n + tx + 1 G K[x], h{x) = x n + x + t£ K[x]. 
According to Abhyankar pP, there are bijections 

such that Gal(/) becomes PSL(d, q) and Gal(/i) becomes PGL(d, q). Let us 
assume, in addition, that m > 2. Then both f(x) and h(x) are very nice. 
Suppose also that d and q — 1 are not relatively prime. Then Gal(/) = 
PSL(d,q) and Gal(/) = PGL(d, q) are disjoint fsee I4.2f iv) ^ . According to 
Proposition 14.51 if J(Cf) and J(Ch) are the jacobians of the hyperelliptic 
curves 

C f :y 2 = f(x), C h :y 2 = h(x) 
then either both jacobians are supersingular or every homomorphism be- 
tween J(Cf) and J{Ch) defined over K a is zero. However, by theorem 
2.4(iv) of |23|, if (q,d) (3,4) then 

End(J(C») = Z, End(J(C h )) = Z, 

and therefore both jacobians are not supersingular. Therefore if (q, d) ^ 
(3,4) then every homomorphism between J(Cf) and J(Ch) defined over K a 
is zero. 
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